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Abstract

A theorem of Kac on quiver representations states that the dimension vectors of
the indecomposables over an algebraically closed field are precisely the positive
roots of the associated symmetric Kac-Moody Lie algebra. Moreover, he proves
that the number of isomorphism classes of absolutely indecomposables of a given
dimension vector over a finite field is an integer polynomial in the size of the field,

independent of the orientation of the quiver and invariant under the Weyl group.

We generalise these results to representations respecting an admissible quiver au-
tomorphism (ii-representations) and obtain the positive roots of an associated
symmetrisable Kac-Moody Lie algebra. We also show that the number of iso-
morphism classes of absolutely ii-indecomposables over a finite field is a rational
polynomial in the size of the field, again independent of the orientation and in-

variant under the Weyl group.

When the quiver is affine, we calculate these polynomials explicitly and see that
the coefficients are all non-negative integers. We relate the constant terms to
the weight multiplicities of a certain integrable module for the symmetrisable
Kac-Moody Lie algebra, given as the fixed points of a symmetric Kac-Moody Lie

algebra under a diagram automorphism.

Finally we consider species of valued quivers over finite fields. To each valued
quiver there is naturally associated a quiver with admissible automorphism and
the representations of the species can be thought of as the representations for the
quiver over a finite field extension such that the actions of the admissible automor-
phism and the Galois group coincide. Using this, we offer a more representation-

theoretic proof of the generalisation of Kac’s Theorem to the species setting.
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Chapter 1
Introduction

The study of representations of quivers has its origin in a paper by Gabriel [11],
who showed that a connected quiver was of finite representation type if and only
if its underlying graph was Dynkin (of type A, D or E). In doing so, he observed
that there is a bijection between the isomorphism classes of indecomposable rep-
resentations and the set of positive roots of the associated semisimple Lie algebra.
In [2], Bernstein, Gelfand and Ponomarev gave a more direct proof of this result.
Namely, they obtained all the indecomposables (up to isomorphism) by applying
sequences of reflection functors to the simple representations, in a manner anal-
ogous to how the roots are obtained by applying relections in the Weyl group to

the simple roots.

This work was extended by Donovan and Freislich [9], and independently by
Nazarova [34], to cover quivers of affine, or extended Dynkin, type. They de-
scribed the set of isomorphism classes of indecomposables, hence proving that
these quivers are of tame representation type. A more unified approach, which
also works for species of Dynkin or affine type, can be found in [8]. We again
have a connection with the root systems of the affine Kac-Moody Lie algebras.
That is, the dimension vectors of the indecomposables are precisely the positive
roots. This does not extend to a bijection with the isomorphism classes though,

since to each imaginary root there corresponds a P!-family of indecomposables.



Chapter 1. Introduction 2

Finally, Kac proved in [22] that this correspondence holds in general. That is, for
a finite quiver without vertex loops, the set of dimension vectors of the indecom-
posables over an algebraically closed field is precisely the set of positive roots of
the associated (symmetric) Kac-Moody Lie algebra. Kac also proposed a num-
ber of conjectures suggesting a deeper relationship between the representations
of quivers and the structure of the Kac-Moody Lie algebras. These concern the
number of isomorphism classes of absolutely indecomposable representations over

finite fields and the multiplicities of the roots in the Lie algebra.

Around the same time, Tanisaki [40] considered representations of quivers with
an automorphism. He showed that the only such pairs having finitely many
isomorphism classes of indecomposables are when the underlying graph of the
quiver is Dynkin. Moreover, the dimension vectors of the indecomposables now
correspond to the positive roots of an associated valued graph — in this case, the
Dynkin graphs of type B, C, F and G.

This suggests an alternative approach to that of species in the attempt to gen-
eralise Kac’s Theorem and thereby obtain the positive root systems of all sym-
metrisable Kac-Moody Lie algebras — namely by studying pairs consisting of a
quiver and an automorphism and the corresponding isomorphically invariant rep-
resentations (ii-representations). This has the advantage that we can now work
over algebraically closed fields and it is this approach that we shall adopt in this

thesis.

Recently, Reineke [35] has used the notion of ii-indecomposables (in his language,
~v-symmetric indecomposables) to construct the so-called quantic monoid asso-
ciated to any semisimple Lie algebra g. The corresponding monoid ring can be
thought of as the specialisation to ¢ = 0 of the positive part of a twisted form
of the quantised enveloping algebra for g. On the other hand, it can be realised
as the monoid of generic extensions of ii-representations, a purely geometric con-

struction.

Some of the results in this thesis now form the content of a paper [20], which is

available as a preprint on the Mathematics ArXiv website.
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1.1 Quivers and Root Systems

A quiver Q is a finite directed graph with vertices Z and arrows A. We shall
also assume that Q has no vertex loops. There are two maps s,t : A — T
which describe where each arrow starts and terminates. In particular, we write

p:s(p) — t(p). A quiver is connected if its underlying graph is connected.

We associate to Q a symmetric matrix A indexed by Z as follows. (In the termi-

nology of Section 1.4, A is a symmetric generalised Cartan matrix.)

p if i = j;
Q35 = (].].].)
—#{edges between i and j} if i # j.
Clearly A is independent of the orientation of Q.

The root lattice ZZ of Q is the free abelian group on elements e; for : € Z. We
partially order ZZ by o = ), ae; > O if and only if oy > O foralli € Z. If o > 0,
then we define its height to be ht o := ), a;. We also write

a:=hct{a; |i €T} (1.1.2)
and say that « is indivisible if @ = 1.
We endow ZZ with a symmetric bilinear form (—, —) via
(€i,e5) == aj; (1.1.3)
and then for each vertex ¢ we have the reflection
risa— a—(a,e)e;. (1.1.4)

These reflections generate the Weyl group W of Q. Clearly the bilinear form
(—, —) is W-invariant. The length ¢(w) of an element w € W is defined to be the

minimum length of an expression w = r;, ---r;,, with 7; € Z.

We can describe the set A C ZZ of roots of Q combinatorially as follows. We

have the simple roots
IM:={e; |i €T} (1.1.5)
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and the fundamental region
F:={a>0|(a,e;) <0 for all i € Z and supp «a connected}, (1.1.6)

where supp « is the support of o — the full subquiver on those vertices 7 such
that Q; 7£ 0.

N.B. The fundamental region may well be empty.
The sets of real and imaginary roots are now
A®:=W-II and A™:=4W.F (1.1.7)

Moreover, each root is either positive or negative and we write A, for the set of

positive roots.

Let a be a root. We note that (a,a) = 2 if « is real, whereas (o, ) < 0 if «v is

imaginary.

1.2 Representations of Quivers

Let K be a field. A K-representation X = {V;, f, | i € Z,p € A} of a quiver Q
is given by a finite dimensional vector space V; for each vertex and a linear map

Jo : Vis(p) = Vi) for each arrow.

If Y = {W,,g,} is another representation of Q, then we define a morphism
0 : X — Y to be a collection of linear maps 6#; : V; — W, for each i such that, for

each arrow p, we have a commutative square

f
Viy —— Vi)

Wiy —— Wiy

9p

This is an isomorphism if and only if each 6; is an isomorphism.

The direct sum of two representations is given by

X&Y = {V,& W, f,&g,) (12.2)
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and a representation is called indecomposable if it is not isomorphic to a proper
direct sum of two representations. We obtain an abelian category in which the
Krull-Remak-Schmidt Theorem holds.

Theorem 1.2.1. Fvery representation is isomorphic to a direct sum of indecom-
posables and the isomorphism classes and multiplicities of these summands are

uniquely determined.

The dimension vector of a representation X = {V;, f,} is

dim X =Y “(dimV;)e; € ZT. (1.2.3)

(In general we shall call any o € ZZ with a > 0 a dimension vector.) By fixing
bases, we see that the representations of dimension vector a are parametrised by
the affine space
Rep(Q, a, K) 1= [ [ M (aup) X ), K. (1.2.4)
peA
We shall identify the points of Rep(Q, o, K') with the corresponding representa-
tions of Q.

The group
GL(e, K) := | [ GL(a;, K) (1.2.5)
i€
acts on Rep(Q, «, K) by conjugation — given g = (¢;) € GL(a, K) and X =
(X,) € Rep(a, K), the p-th component of g - X is

(9-X)p = gt(p)ngs_(,l))' (1.2.6)

There is a 1-1 correspondence between the isomorphism classes of K-representa-

tions of dimension vector o and the GL(«, K')-orbits on Rep(Q, a, K).

1.3 Path Algebras

For a field K and a quiver Q, we recall the definition of the path algebra K Q and

the equivalence between the category of finite dimensional K Q-modules and the
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category of K-representations of Q. These results can be found in [1], Chapter
I1I.

A path in Q is a sequence of arrows p = p,, - - - p1 such that t(p;) = s(p;y1). We
set s(p) = s(p1) and t(p) = t(pn). We also have the trivial path e; for each
vertex ¢. The path algebra K Q has basis the paths in Q and with ¢ - p being the

concatenation of the two paths if ¢(p) = s(¢) and 0 otherwise.

We note that KQ is a finitely generated associative algebra and that the ¢; for

i € T give a complete set of primitive idempotents.

Suppose that X = {V}, f,} is a K-representation of Q. Let V := @, V; and write
m; and n; for the maps V' — V; and V; — V respectively. We obtain a K Q-module
X with underlying vector space V' via

g = nmi(x) and PT = Ny(p) foTs(p) () for all x € V. (1.3.1)
Conversely, if X is a finite dimensional K Q-module with underlying vector space
V, then we obtain a K-representation of Q by setting V; :=¢;V and f,(z) = pu.
These constructions extend to functors and hence we get

Proposition 1.3.1. The categories of finite dimensional K Q-modules and K-

representations of Q are equivalent.

We also note that the path algebra has a natural grading by path length KO =
@@0 A,,, where each ¢; has length 0 and the path p = p,, --- p1 has length m.
The space Ag with basis the trivial paths is a basic semisimple subalgebra and

A1, which has basis the arrows of Q, is a Ag-bimodule.

Proposition 1.3.2. The path algebra KQ is isomorphic to the tensor algebra
T (Ao, Ay).

1.4 Kac-Moody Lie Algebras

In this section we recall the definition and some of the basic properties of a

symmetrisable Kac-Moody Lie algebra over C (see [25]).
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A generalised Cartan matrix (GCM) is a square matrix C' with 2 on the leading
diagonal, all other entries non-positive integers and such that ¢;; = 0 if and only
if ¢cj; = 0. The matrix C is called symmetrisable if there exists an invertible
diagonal matrix D such that DC' is symmetric. If C' is symmetrisable, then we

can always assume D has non-negative integer entries.

We have seen that every graph gives rise to a symmetric GCM, and this correspon-
dence is actually a bijection. Similarly, there is a bijection between symmetrisable
GCMs and valued graphs: if C' is a symmetrisable GCM indexed by Z, then we
obtain a valued graph as follows. We take Z as the vertex set and draw a valued
edge

; (Iejilileiil) j (1.4.1)

whenever ¢;; # 0.

A symmetrisable GCM C' is called indecomposable if its corresponding valued

graph is connected.

Let C be a symmetrisable GCM of size m = |Z| and rank [ and fix a decomposition
C = D7!'B, where D and B are both integer valued. Let b be a 2m—I dimensional
complex vector space and pick linearly independent elements H; € h and e; € h*
for i € 7 such that e;(H;) = ¢;;. The triple (b, {H;}, {e;}) is called a (minimal)
realisation of C'. We write h’ and A for the subspaces of h and h* spanned by the

H; and e; respectively.

Lemma 1.4.1. Any two realisations (b*,{H}},{e}}) and (h*,{H?},{e?}) of C
are isomorphic, in the sense that there is an isomorphism ¢ : ' — b2 such that
¢(H}) = (H?) and ¢ (e}) = e;.

The Kac-Moody Lie algebra g associated to a realisation (h, {H;},{e;}) of C is
defined to be the Lie algebra generated by h and elements E;, F; for i € Z subject
to the following Serre relations:

[H,H'| =0, [H,Ej] = e;j(H)E; (ad E;)' "9 E; = 0,

(1.4.2)
[E:, Fj] = 6, H;, [H,F}] = —e;(H)F; (ad 1)~ F; = 0,
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where H, H' € §.

The elements Ej;, F;, H; are called the Chevalley generators and these generate
the derived algebra g’ = [g,g]. The centre ¢ (of g or g’) is given by those H € b
such that e;(H) = 0 for all . This has dimension r = m — [, the corank of C'.

For o € bh* we define
o :={r€g|[H z] =ah)x for all H € b}. (1.4.3)

We denote by A the set of non-zero a € h* such that g, # 0. Then A C A and
is called the set of roots of g. The number dim g, is called the multiplicity of a.
We also note that go = b.

If C' is symmetric, corresponding to the graph Q, then the set of roots coincides
with the combinatorial description given in Section 1.1. More generally, if C'
corresponds to the valued graph I', then we can again define the root system

combinatorially as follows.

As before, the root lattice ZZ of I' is the free abelian group with generators the
simple roots e; for i € Z. We endow this with the symmetric bilinear form (—, —)
determined by B — namely

(€i,e5) := bij. (1.4.4)

N.B. If " is connected, then this bilinear form is unique up to a scalar.

The reflections r; of ZZ are defined by

L
d;

rita—a——(o,e)e; (1.4.5)
and these generate the Weyl group W.

The real roots A™ are the images under W of the simple roots and the imaginary

roots A™ are £W - I/, where F is the fundamental region

F:={a>0](a,e;) <0 for all i and supp a connected}. (1.4.6)

We have the decomposition

s=hoPe.=n dhan,, (1.4.7)

a€A
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where ny = @©o>08+a- Moreover, n, and n_ are generated by the F; and F;
respectively.

We can equip h with a non-degenerate symmetric bilinear form (—, —) such that
(H;, H) = g-e;(H) for all H € §. In particular, (H;, H;) = fdjbij‘

Lemma 1.4.2. Any two non-degenerate symmetric bilinear forms on § satisfying
(H;,H) = %ei(H) differ by an isomorphism fizing b’.

Proof.

We know that (—,—) is non-degenerate on h and that the kernel of (—, —) re-
stricted to the subspace b’ is the centre ¢. Fix a complement V' to ¢ in h" and let
21...,% and vy, ..., be bases for ¢ and V respectively. Then (see for example
[28], Chapter XV, Lemma 10.1) there exist elements z1, ..., x, in § such that

(QIZ‘, Zj) = 5ij; (.’L‘i,?}j) =0 and (xi,xj) =0. (148)
In particular, the z;, v; and z;, form a basis for b.

Now suppose that (—, —); and (—, —), are two non-degenerate bilinear forms on
h satisfying (H;, H;) = fdjbij' We can take xy,...,z, and yq,...,y, satisfying
(1.4.8) for (—, —); and (—, —)2 respectively and define an automorphism ¢ of b
by H; — H; and z; — y;. Then (¢(H),p(H'))s = (H, H'); for all H, H' € §.

[

The bilinear form determines a bijection v : h — h* sending H; to %ei and hence

induces a bilinear form on h*. This satisfies (e;, e;) = b;; and thus we recover the
original form on ZZ defined by (1.4.4).

The Chevalley involution w of g is given by
w(E;) = —F, w(F;) = —F; w(H)=—H. (1.4.9)
This satisfies w(ga) = g—a-

Given a bilinear form (—,—) on h as above, we can extend it uniquely to an
invariant non-degenerate symmetric bilinear form on the whole of g. This satisfies
1

(B, F) =7 (1.4.10)
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Moreover, if « € A and x4 € g4, then

[y, 2] = (24,2 )v (a). (1.4.11)

We shall also need the following result on ideals of g.

Proposition 1.4.3. The Lie algebra g is simple if and only its GCM C' is non-
degenerate and indecomposable. Conversely, if C is indecomposable, then every

ideal of g either contains g’ or is contained in c.

1.5 Kac’s Theorem and Conjectures

Let K be an algebraically closed field. Then the subset of indecomposable repre-
sentations Ind(«, K) C Rep(a, K) is a constructible set, stable under GL(«, K).

As in Appendix B we can therefore define the number of parameters

p(o, K) = dimgr,(a,x) Ind(a, K) (1.5.1)
and the number of top-dimensional families of orbits

t(a, K) == topgy(a,x) d(a, K). (1.5.2)
We can now state Kac’s Theorem. This was first proved in [22, 23] but see also
(24, 27].

Theorem 1.5.1 (Kac). Let Q be a quiver and K an algebraically closed field.

1. The dimension vectors of the indecomposable representations are precisely

the positive roots A ;

2. For a € Ay we have p(o, K) =1 — 3(a, @) and t(a, K) = 1.

In particular, there is a unique isomorphism class of indecomposables of dimension

vector « if and only if « is a positive real root. We also note that the dimension
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vectors, number of parameters and number of top-dimensional families of orbits
are all independent of both the orientation of Q and the characteristic of the field
K.

Now suppose that I is a finite field with ¢ elements and write K for its algebraic
closure. An I, Q-module X is called absolutely indecomposable if the K Q-module
K ®p, X is indecomposable. If dim X = a, then this is equivalent to saying that X
corresponds to a point in the set Ind(a, K') NRep(e, F,), where we have identified
Rep(a, F,) with the set of points of Rep(«, K') having each co-ordinate in F,.

We denote the number of isomorphism classes of absolutely indecomposable [, Q-
modules of dimension vector o by A(a,q). The following is proved in [23] (see
also [19, 24]).

Theorem 1.5.2. The numbers A(a, q) are polynomials in q with integer coeffi-
cients. For o € AL this polynomial has degree p(a) = 1 — (o, ) and leading
coefficient t(a) = 1. Moreover, A(a,q) is independent of the orientation of Q

and is invariant under the action of the Weyl group.
Regarding these polynomials, Kac made the following conjectures.

Conjecture 1. The coefficients of A(a, q) are all non-negative integers.

Conjecture 2. The constant term A(a,0) equals dim g(Q),, the multiplicity of
a viewed as a root of the Kac-Moody Lie algebra g(Q).

These are known to be true when Q is a Dynkin or affine quiver using the classifi-
cation of the isomorphism classes of indecomposables. Recently, both conjectures

have been shown to hold when « is an indivisible root [5].

1.6 The Main Theorem

The main result of this thesis is the following theorem generalising Kac’s Theorem,

Theorem 1.5.1. The terminology and notation is taken from Chapter 2.
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Theorem 1.6.1. Let (Q,a) be a quiver with admissible automorphism of order
n. Let I' be the associated valued graph and K an algebraically closed field of

characteristic not dividing n.

1. The images under f of the dimension vectors of the ii-indecomposables for

(Q,a) are precisely the positive roots A(T'), of T';

2. If o € A(I')% is a positive real root, then there exists a unique isomorphism

class of ii-indecomposables having dimension vector f~(a).

Here f : (ZZ)® — ZI is the canonical bijection between the points of the root
lattice for Q fixed by a and the root lattice for I'.

As before, we see that the dimension vectors of the ii-indecomposables are inde-
pendent of both the orientation of @ and the characteristic of the field K. We
note, however, that the converse of Part 2 does not hold in general (c.f. the
remark following Theorem 1.5.1). That is, there may exist imaginary roots « for
which there is a unique isomorphism class of ii-indecomposables having dimension

vector f~!(a). We exhibit such an example in Section 3.7.

We also prove a theorem analogous to Theorem 1.5.2. Let (Q,a) be a quiver
with admissible automorphism of order n and let I' be the associated valued
graph. We write A-ii(a, q) for the number of isomorphism classes of absolutely
ii-indecomposable representations of dimension vector f~!'(a) defined over the
finite field F,.

Theorem 1.6.2. The numbers A-ii(«,q) for ¢ = 1 mod n are polynomials in q
with rational coefficients, independent of the orientation of @ and invariant under
the action of the Weyl group W (I'). Moreover, the coefficients have denominators
bounded by na.

Let K be an algebraically closed field and write Ind-ii(«, K') for the constructible
subset of Rep(f~!(«), K) corresponding to the ii-indecomposables. The affine
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algebraic group GL(f'(a), K) acts on Ind-ii(c, K) and again there is a bijec-
tion between the orbits of this group action and the isomorphism classes of ii-

indecomposables over K. Therefore we can consider the number of parameters
p-ii(cr, K) = dimgrp-1(a), 1) Ind-ii (e, K) (1.6.1)
and the number of top-dimensional families of orbits

t-ii(a, K) := topgr,(-1(a),x) Id-ii (e, K). (1.6.2)

Using Theorem 1.6.2 and some properties of affine schemes of finite type over the

integers we deduce the following.

Corollary 1.6.3. Let K be an algebraically closed field of characteristic not di-
viding n. Then the numbers p-ii(a, K) and t-ii(a, K) are given by the degree
and leading coefficient of the polynomial A-ii(«,q). In particular, they are also
independent of the orientation of Q and of the characteristic of the field K.

We also generalise Kac’s two conjectures. To do this, we first consider the dual
quiver with automorphism (é, a). (The terminology comes from the fact that

the associated valued graph is dual to I'; see Sections 3.3 and 3.4.)

Let g denote the Kac-Moody Lie algebra corresponding to Q. Then the auto-
morphism a naturally induces an automorphism of the derived Lie algebra g’ and
g(I") embeds in the fixed-point subalgebra. In fact, we show in Chapter 7 that
this automorphism can be extended to the whole of g such that g(I') embeds in
the fixed-point algebra £. We can now view £ as an integrable g(I')-module and

we prove that the set of non-zero weights is precisely the set of roots A(T).

Conjecture 1'. The coefficients of A-ii(«, q) are all non-negative integers.

Conjecture 2. The constant term A-ii(,0) equals dim L, the multiplicity of
a viewed as a weight of the integrable g(I')-module L.



Chapter 1. Introduction 14

We prove that these conjectures hold when « is a positive real root, for then
A-ii(c,q) = 1 = dim L,. In the case when Q is affine, we also calculate A-ii(«, q)
and dim £, for all imaginary roots « = mdr of I' and show that the conjectures
hold.

We now describe briefly the organisation of this thesis. In Chapter 2 we intro-
duce the basic notation and terminology. We prove some combinatorial lemmas
relating the structure of the fixed points of the root lattice for Q to that of the
root lattice for I'. We also prove Part 2 and one direction of Part 1 of Theorem
1.6.1.

In Chapter 3 we consider the relationship to skew group algebras and introduce
the dual quiver with automorphism (é, a). Using this, we complete the proof of

Theorem 1.6.1. We also offer a counter-example to the converse of Part 2.

Chapter 4 is concerned with the numbers A-ii(c, ). We first factorise the gen-
erating function for the total number of isomorphism classes of ii-representations
over a finite field and show that there is a factor corresponding to each divisor
of n (or subgroup of (a)). This allows us to derive a formula for the numbers

A-ii(c, q) and prove Theorem 1.6.2.

In Chapter 5 we apply this result to prove Corollary 1.6.3 as described above and
in Chapter 6 we consider the affine quivers and their automorphisms, computing

the numbers A-ii(mdr, q) in each case.

We then discuss diagram automorphisms of Kac-Moody Lie algebras in Chapter
7 and in particular the automorphisms of the affine algebras. In this way, we

prove Conjectures 1’ and 2’ for the affine quivers.

Finally, in Chapter 8, we discuss the connection to species over finite fields and
offer a representation-theoretic proof of the generalisation of Kac’s Theorem to

species.

There are also two appendices. The first contains all the results on affine schemes
that we require in Chapter 5 and the second discusses some aspects of affine

algebraic group actions on affine varieties.



15

Chapter 2
Quivers With An Automorphism

In this chapter we introduce the notion of an admissible automorphism of a quiver
and explain how this gives rise to a symmetrisable GCM, and hence a valued
graph. We show that there are natural connections between the combinatorial
properties of the quiver which respect the automorphism and those of the valued

graph.

The automorphism also acts functorially on the category of all representations
and this determines an action on the set of isomorphism classes. We define
the isomorphically invariant representations, or ii-representations, to be those

representations corresponding to the fixed points of this latter action.

In this way we obtain an additive subcategory. The ii-indecomposables are now

taken to be the indecomposable objects in this subcategory.

2.1 Quivers with an Admissible Automorphism

Let Q be a quiver, which we will assume is finite and without vertex loops. An
admissible automorphism a of Q is a quiver automorphism such that no arrow
connects two vertices in the same orbit. This notion was first introduced by

Lusztig [30] where, given such a pair (Q,a), he describes how to construct a
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symmetric matrix B indexed by the vertex orbits I. Namely

2#t{vertices in i-th orbit if i =j;
W E J ] (2.1.1)
—#{edges between i-th and j-th orbits} if i # j.
Let

d; := by /2 = #{vertices in i-th orbit} (2.1.2)
and set D = diag(d;). Then C' = D' B is a symmetrisable GCM and we write T

for the corresponding valued graph. That is, I' has vertex set I and we draw an

edge i — j equipped with the ordered pair (||, |ci5]) whenever ¢;; # 0.

We know from [30], Proposition 14.1.2 that every symmetrisable GCM (or valued
graph) can be obtained from such a pair (Q,a), though this pair will not be
unique. We also note that given a graph with an admissible automorphism, we

can always assign a compatible orientation to obtain a quiver with automorphism.
Example 2.1.1. Consider the quiver D4 with automorphism

4 ™~

v T

The corresponding symmetrisable GCM 1is then

-1

and the valued graph I is of type C3 - e

Using the decomposition C' = D~!B we can endow the root lattice ZI of I' with

a symmetric bilinear form (—, —)r, as in Section 1.4. Namely, we set

(€1, €5)r = by. (2.1.3)

We also recall the Weyl group W (I'), generated by the reflections

1
il o — d—(&, ei)re;  for all a € ZI, (2.1.4)

1
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and the root system A(T'). The real roots A(I')™ are the images under W(I)
of the simple roots e; whereas the set of imaginary roots A(T')™ is +W(T') - Fr,

where Fr is the fundamental region

Fr:={a>0] (a,e)r <0 for all i and supp a connected}. (2.1.5)

The automorphism a acts naturally on the root lattice ZZ for Q by a(e;) := ea()
and the bilinear form (—,—)g is a-invariant. (In other words, a induces an
automorphism of the GCM A, using the terminology of Proposition 7.1.2.) We
have a canonical bijection

f:(z1)® - 71 (2.1.6)

from the fixed points in the root lattice of Q to the root lattice of I'. This is given
by f(a); :== a; for any vertex ¢ in the i-th orbit.

The admissibility of a implies that the reflections r; and r; commute whenever ¢

and j lie in the same a-orbit. Therefore the element

si=]]rie W(Q) (2.1.7)

i€i
is well-defined. Also, since a - 7; = 74(;) - a, we see that s; commutes with the
action of a on ZZ. We denote by C,(W(Q)) the subgroup of W(Q) consisting of

all such elements.

Lemma 2.1.2. Let o, 3 € (ZI)®. Then

1. (o, B)g = (f(a), f(B))r:
2. f(si(a) =ri(f()) € ZI;

8. the map r; — s; induces an isomorphism W(T') = Ca(W(Q)).

Proof.
Let 7, € 7 enumerate the vertices in the orbit i € I. Parts 1 and 2 now follow

from the formula

bij = E aivjw = di E am-w fOI' any v.
VW w



Chapter 2. Quivers With An Automorphism 18

We denote the length of an element w € W(Q) by ¢(w). It is shown in [25] that
l(wr;) < (w) if and only if w(e;) <0

and
l(w) = #{a € A(Q)+ | w(e) < 0}.

Since a is admissible and preserves the partial order > on ZZ, induction on length
shows that Ca(W(Q)) is generated by the s;. Now suppose that 3, ---r;,, =1 €
W(T). Then s;, - - s;, fixes (ZZ)® and so s;, - - - 8, (¢;) > 0 for all j. Therefore
Siy -+ 8i,, = 1 € W(Q) and the r; and s; satisfy the same relations.

[

Proposition 2.1.3. Let o € A(Q) and let r > 1 be minimal such that a"(a) = «.
Set
o(a) :==a+ala)+---+a (o) e (ZI)®.

Then a— f(o(a)) induces a surjection A(Q) — A(I'). Moreover, if f(o(a)) is

real, then o must also be real and unique up to a-orbit.

Proof.
Set 8 := f(o(a)) and consider w'(3) for some w' € W(T). Let w € Cy(Q)
correspond to w’. Then w(o(a)) = o(w(a)) and w(a) € A(Q).

Since a preserves the partial order on ZZ, w'(/3) is either positive or negative.
Also, f(o(w(a))) always has connected support. Therefore, if w’ is chosen so
that w'() has minimal height, then either w'((3) (or its negative) lies in the
fundamental region or else it is a multiple of a real root, say w'(3) = me;. In the
latter case we must have that w(«) = me; for some vertex ¢ in the i-th orbit, so

w(a) = e; and m = 1. This proves that every root of Q gives rise to a root of I

Conversely, every simple root e; lies in the image of this map, so consider § € Fr.
Then v = f~4(B) € (ZI)® satisfies

0= (Be)r = (v.0(e))o =Y (1.8 (er)o = di(y: e)o

r
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for all + € i. Thus if « is a connected component of v, then « lies in the funda-

mental region for Q and o(«a) = 7.

The result now follows from the correspondence between the Weyl groups.

In particular, we note that A(Q) is finite if and only if A(T") is.

2.2 Automorphisms of Path Algebras

Let (Q,a) be a quiver with automorphism. It is clear that for any field K,
a induces an algebra automorphism of the path algebra KO, which we again
denote by a. We can also view the path algebra as the tensor algebra T'(Ag, Ay),

where Ag is the semisimple algebra

Ag = HK@ (2.2.1)
€T
and A; is the Ayp-bimodule
A= ][] Ep. (2.2.2)
peA

We note that Q has no edge loops precisely when ¢;A1e; = 0 for all vertices 1.

It follows that a is actually a graded automorphism, since by definition it is given
by an algebra automorphism of Ay and a Ag-bimodule automorphism of A;. Also,

a is admissible if and only if

eilie; =0 whenever ¢ and j lie in the same vertex orbit. (2.2.3)

Now suppose that K is an algebraically closed field and n is a positive integer
invertible in K. Let a be a graded automorphism of K Q of order n satisfying
(2.2.3). Then a necessarily acts as a permutation of the idempotents ¢; and hence
induces a permutation of the vertex set Z. Also, if a’ fixes two vertices i and j,
then we can find a basis for €;A¢; with respect to which a’ acts diagonally. In
terms of the quiver Q, this means that a' acts on each arrow ¢ — j as multipli-

cation by an n-th root of unity (or more precisely an n/t-th root of unity).
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We can again form a symmetrisable GCM C = D! B using the formulae (2.1.1)
and (2.1.2), and hence obtain a valued graph I'. Furthermore, the results of
Lemma 2.1.2 and Proposition 2.1.3 still hold, since their proofs relied only upon

the action of a on the set of vertices Z.

From now on, when we say (Q,a) is a quiver with an admissible automorphism,

we shall also include this more general situation.

Example 2.2.1. Let Q be the affine quz’ver/&l with the automorphism exchanging
the two arrows
¥
Let K be an algebraically closed field not of characteristic 2. If we call the arrows
p and a(p), then a acts diagonally on Ay with respect to the basis given by o =
1

s(p+a(p)) and 7 = 3(p —a(p)). We can express this pictorially as

2.3 Isomorphically Invariant Representations

Let (Q,a) be a quiver with admissible automorphism of order n and K an al-
gebraically closed field of characteristic not dividing n. We shall show how a
determines an autoequivalence of the category of K Q-modules and hence a func-
tor on Rep(Q, K). We fix a primitive n-th root of unity ¢ in K.

Let X be a K Q-module. We define a module 2X by taking the same underlying

vector space as X but with new action
p-r:=a '(px forpe KQ. (2.3.1)

If  : X — )Y is a module homomorphism, then we obtain a homomorphism
ap . 2X — 2 as follows. Since ¢ is a fortiori a vector space map, we set 2¢ = ¢.
Then

o(p-x) = pla ' (p)x) = a ' (p)p(x) = p- ¢(x). (2.3.2)
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In this way we obtain an additive functor F'(a) on mod K'Q such that F(a") =

F(a)". In particular, we note that X is indecomposable if and only if 2X is.

We know that the categories mod K'Q and Rep(Q, K) are equivalent, so the
functor F'(a) must act on Rep(Q, K). Let X = (V;, f,) be a K-representation of
Q and X the corresponding K Q-module (via the functors described in Section
1.3), so X has underlying vector space V = @, V;. We wish to describe the
representation *X = (W;,g,) corresponding to the module *X" in terms of the

original representation X. Clearly
Wi =& V= a’l(az-)V = Ea—l(i)v = Va—l(i). (233)

Now suppose that p : 4 — j is an arrow. Let ¢ > 1 be minimal such that a’ fixes
both i and j (so t = lem(d;, d;), where ¢ and j are in the i-th and j-th orbits
respectively). By our choice of basis for A; (and hence choice of arrows for Q),

we have a‘(p) = ("p for some u.
Let p,, :=a™(p) for m =0,...,t — 1. Then by definition,

Jo (@) = ppx forall 0 <m <t (2.3.4)
and so

m—1T = fp,, (T for 1 <m < t;
Ypm (T) = pm - @ = omr = fon-1(2) (2.3.5)
CMpgx =" f,, (x) for m =0.

We say that a representation X is isomorphically invariant (an ii-representation)
if2X = X. Note that dim?X = a(dim X), so any ii-representation has dimension
vector fixed by a. We say that X is an ii-indecomposable if it is not isomorphic

to the proper direct sum of two ii-representations.

Lemma 2.3.1. The ii-indecomposables X are precisely the representations of the
form

m—1

X2Y@rY o 0",

where Y is an indecomposable Q-representation and m > 1 is minimal such that
a"y ~Y. Moreover, the Krull-Remak-Schmidt Theorem holds for i-representa-

tions.
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N.B. The full subcategory with objects the ii-representations is not abelian.

Proof.

Let X be an ii-representation. Viewing X solely as a Q-representation, we can
write it as a direct sum of indecomposable representations. Also, since 2X = X,
F(a) must act (up to isomorphism) as a permutation of these indecomposable

summands. That is, we can write
XE22,®-- D Zy,

where each Z; is of the form

1

Z;i=Y;®Y- 0™ Y,
with Y; indecomposable and m; > 1 minimal such that 2"'Y; = Y;.

The lemma follows from the Krull-Remak-Schmidt Theorem for Q-representa-

tions.

We are now in a position to prove Part 2 and one direction of Part 1 of Theorem
1.6.1.

Proposition 2.3.2. Let (Q,a) be a quiver with an admissible automorphism; I’
the associated valued graph and K an algebraically closed field of characteristic
not dividing the order of a. Then there is an ii-indecomposable of dimension

vector f~(a) only if a is a root of T.

Moreover, every positive real root of I' occurs and the corresponding ii-indecom-

posable is unique up to isomorphism with %(a, a)r indecomposable summands.

Proof.
Let Y be an indecomposable representation of Q and consider the ii-indecompos-
able

amfl

X=Ya?Y®--- & Y.

Writing 8 = dimY € A(Q),, then dim X = f+a(f) +---+a™(8) = ro(B) for
some r. If 3 is real, then by Kac’s Theorem Y = 2"Y if and only if a™(3) = 3
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and so r = 1. Therefore f(dim X) = f(c(5)) € A(T');. On the other hand, if 8
is imaginary, then so is f(o(f)) and hence f(dim X) = rf(o(5)) € A(I') 4.

This shows that the dimension vectors of ii-indecomposables give rise to positive
roots of I'. Also, it follows from Proposition 2.1.3 and Kac’s Theorem that we
must get every real root of I' and that the corresponding ii-indecomposable is

unique up to isomorphism with the stated number of indecomposable summands.
[ |

Of special interest in the representation theory of quivers (over an arbitrary field
K) are the reflection functors R;" and R; , defined when i € 7 is a sink or a source
respectively (see for example [8]). Clearly if ¢ is a sink (respectively a source) then

the same is true for all vertices in the orbit of i. Also, since a is admissible, the

Sii = HRZi

i€

functor

is well-defined.

Denote by K; the i-th simple representation of Q. If d = d; is the size of the orbit

of i, then we have an ii-indecomposable
K, =K;® Ka(i) @P--- Kadfl(i).

Proposition 2.3.3. Let i be a sink (or a source, interchanging + and —). Then

for any vi-representation X there is a canonical monomorphism

whose image has a complement a direct sum of copies of the ii-indecomposable
K;. In fact,

2. if X # Kj is an ii-indecomposable, then ¢x is an isomorphism and hence

End(S; (X)) = End(X) and dim S (X) = sj(dim X).
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Proof.
This follows immediately from the standard properties of reflection functors [8].
|

2.4 Geometrical Aspects

Let K be an algebraically closed field. As in Section 1.6, we can consider
the subset Rep-ii(a, K) of Rep(f~!(a), K) corresponding to the set of all ii-
representations of dimension vector f~!(a), where 0 < a € ZI. This is clearly
GL(f (), K)-stable and is also a constructible subset. For, consider the affine

variety
M(a,K) :={(g9,X) € GL(f *(a), K) x Rep(f ' (a),K) | g- X =2X}. (2.4.1)

Then the image of M(«a, K) under the projection to the second co-ordinate is

precisely the set Rep-ii(a, K), which is constructible by Chevalley’s Theorem.

Theorem 2.4.1 (Chevalley). Let f : Y — X be a morphism of varieties and
let Z CY be a constructible subset. Then the image f(Z) is constructible in X.

In particular, f(Y) is constructible.

Similarly for any proper decomposition a = 3+« we can consider the morphism

03, : GL(f (), K) x Rep(f ' (8), K) x Rep(f~'(3), K) — Rep(f (), K),
(9, X, Y)—g-(X®Y).
(2.4.2)
The image under 63, of the constructible subset GL(f (), K) X Rep-ii(3, K') x
Rep-ii(7, K) is contained in Rep-ii(c, K') and the complement in Rep-ii(«, K') of
the union of all such images is precisely the set Ind-ii(«, K'), corresponding to all ii-
indecomposables of dimension vector f~!(«). Thus this set is also GL(f (), K)-

stable and constructible.

Therefore we can define the number of parameters

p-1i(c, K) == dimgr,p-1(a), k) Ind-ii(e, K) (2.4.3)
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and the number of top-dimensional families of orbits
t—’i’é(O&, K) = tOpGL(ffl(a),K) Il’ld—ii(C{, K) (244)

for the action of GL(f'(«), K) on Ind-ii(a, K).

In fact, in Chapter 5 we take this idea further and construct affine schemes
Rep(f~(a)), GL(f'(a)) and M(«) over the integers. We then show that for
K an algebraically closed field, the sets Rep-ii(c, K) and Ind-ii(a, K) can be

thought of as the K-rational points of constructible subsets of the affine scheme

Rep(f~!()).
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Chapter 3
Skew Group Algebras

We fix a quiver with admissible automorphism (Q, a) and write n for the order
of a. Let K be an algebraically closed field of characteristic not dividing n. We
fix a primitive n-th root of unity ¢ € K.

In this chapter we first show, using an argument of Gabriel [12], that every ii-
module for KQ can be thought of as the restriction of a module for the skew
group algebra K Q# (a). This latter algebra is Morita equivalent to another path
algebra K O on which the group of characters of (a), say generated by a, acts
admissibly. The pair (é,é) is called the dual quiver with automorphism. We

obtain Morita equivalences

mod KQ#(a) ~mod KQ  and  mod K Q#(a) ~ mod K Q.

We naturally have induction and restriction functors between mod KQ and
mod K Q#(a). These are left and right adjoints of each other and so combin-
ing these with the Morita equivalences gives left and right adjoint functors be-
tween mod KO and mod K @ On the other hand, we could have started with
(é, a) and obtained a different pair of functors. We show that there are natural

isomorphisms between these two pairs of functors.

Using this, we show that the dimension vectors of the ii-indecomposables are
precisely the positive roots of I', where I' is the valued graph associated to the

pair (Q,a). This completes the proof of Theorem 1.6.1.
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3.1 Automorphisms of ii-Representations

Proposition 3.1.1. Let X be an i-representation. Then there exists an iso-
morphism ¢ : *X — X such that the automorphism ¢2¢ - - - an71¢ of X is the
identity.

The following proof is taken from [12], Proposition 3.9.

Proof.

Let X be an ii-representation and 6 : 2X — X an isomorphism. Write
©:=60% - 2" 9 e Aut(X),

where 20 is the corresponding map a®X _, aX. We note that 20 = #1060 and
so 21 = 0~ 1 for all ¢ € K[O].

Pick ¢ € K[O] and set ¢ := 6. By induction,

1

o2 2" =yme20 .. 20,

so in particular,

$2p - p=9"0,

Since K is algebraically closed, the characteristic equation for © is a product of

linear factors. Therefore K[©] is isomorphic to a product of rings of the form

K[T)/(T — \)™ for A # 0.

Let 2 = 2o+ 2 (T —A) 4+ 4+ Zpm_1(T — X)™ ! be an element of K[T]/(T — \)™.
We can find an n-th root of z in K[T]|/(T — \)™ whenever xy # 0. This can be
seen by successively working modulo (7' — A)" for r = 1,...,m, using that n is
invertible in K. (In fact, the n-th root of x is determined by the choice of n-th

root of xg.)

Since ©~! is congruent to A~! in K[T]/(T — \), we can find an element 1) € K[©]
such that ¥"© = 1. Thus ¢ = 10 is the required isomorphism.
[

Below we shall see that the pair (X, ¢) corresponds to a module for the skew
group algebra K Q+#(a).
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3.2 Skew Group Algebras

We know that a determines an automorphism of the path algebra K Q and so we
can form the skew group algebra K Q#(a). This has K-basis the elements pa’,
with p a path in K Q, and multiplication

pa’ - qa’® = pa’(q)a’*". (3.2.1)

Suppose that X is a KQ#(a)-module. Then X is clearly a K Q-module by

restriction and a acts on X as a linear map such that a” = 1. Also,

a(pr) = (ap)a = (a(p)a)r = a(p)(av). (3.2.2)

That is, the map x +— ax gives a K Q-module isomorphism ¢ : 2X — X such
that

p2p -2 =1. (3.2.3)
Conversely, any pair (X, ¢) consisting of a K Q-module X and a module isomor-
phism ¢ : 2X — X satisfying (3.2.3) can be given the structure of a K Q#(a)-
module. In particular, given any K Q-module X such that 2X = X', we can find
¢ such that (X, ¢) is a K Q#(a)-module. We note, however, that there may exist
two such maps ¢ and ¢’ with (X, ¢) and (X, ¢') non-isomorphic.

3.3 The Dual Quiver

It is shown in [36] that if Q has no oriented cycles (so K Q is an artin algebra) and
a is an admissible automorphism of order n invertible in K, then the skew group

algebra K Q#(a) is Morita equivalent to the path algebra of another quiver.

Moreover, since a acts as a graded automorphism of the tensor algebra T'(Ag, Ay),

we have that

T(No, A1) #(a) = T(Ao#(a), Mi#(a)). (3.3.1)
Here Ag#(a) is the skew group algebra and A;#(a) is the Ag#(a)-bimodule with
K-basis the elements pa™ for p € A and 0 < m < n.
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It now follows from the construction of [36], which we outline below, that even
when Q has oriented cycles, the skew-group algebra K Q#(a) is always Morita
equivalent to the path algebra of another quiver. We shall call this quiver the
dual quiver and denote it by é

Consider first the algebra Ag#(a). We can label the vertices in Z as pairs (i,7)
fori € I and r € Z/d;Z such that a(i,r) = (i,7 + 1). Now pick i € I and let
d =d;. Set

Ry == Kego) X Kegpy X -+ X Keg gy (3.3.2)

We also introduce the elements

(n/d)—1
2(d, ) = - > ¢tmrat™ e K(a) (3.3.3)

m=0

for 0 < u < n/d. These are orthogonal idempotents summing to 1 in the group
algebra K(a) and which centralise R;.

We have an isomorphism

(n/d)—1
H M (d, K) ) — Ri#(a), E(i, p)pg = eapa’ 2(d, p), (3.3.4)

pu=0

where M (d, K) is the algebra of d x d matrices over K and the E(i, p),, for
0 < p,q < d are the elementary matrices for the (i, u)-th copy of M (d, K).

If we write
é(i,,u) = E(i, ,u)OU (335)
then the algebra R;#(a) is clearly Morita equivalent to

Ri = Ké(m) X Ké(m) X oo X Ké(i,(n/d)—l)- (3.3.6)

Doing this for each vertex orbit i € I, we observe that Ag#(a) is Morita equivalent

to [; R; via the idempotent

E::Z > EG, oo (3.3.7)
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In particular, the vertices 7 of Q can be considered as pairs (i, ) with i € I and

We now determine the arrows of Q. Since the algebra Ag#(a) is semisimple, the
bimodule A;#(a) must decompose as a direct sum of simple modules. Further-
more, each of these will be generated by an arrow. We simplify our discussion by

considering each simple module separately.

Let p: (i,0) — (j,{) be an arrow of Q and set t := lem(d;, d;), where d; and d;
are the sizes of the i-th and j-th orbits respectively. Then a’ fixes both (i,0) and
(j,1) and so a’(p) = ("p for some u. If M is the bimodule generated by p, then
EME is a bimodule for []; R; generated by the E(j, v)qupE(i, 1t)o, for various s

and v.

Expanding, we have that

(n/d;)—1 (n/d;)—

Z Z CdlpququV djq— l(p)adip+djq—l‘

If we write dip = Pt + d;p’ with 0 < P < n/t and 0 < p’ < t/d;, and similarly for
djq = Qt + d;q, then this becomes

dd

dd

EG,v)apE(, p

(P+Q)t+dip’'+d;q"—1

Z CP+Q)tu+Qt(u+u W)+dip’ pt-dsq'v g dsg’ 1 (

PQ.p' ¢

p)a

Finally, if we write dir = (P 4+ Q)t + d;jp’ mod n with 0 < r < n/d;, then we

obtain the factorisation
t Qt(utv—p) dldJ dirpu+d;q'v djq’ —1 dir+d;q’ —1
(7 2o¢ ) (St Do chrmsdvatl pjaie =il ),
Q 7,q’

Since the elements adjq/_l(p)adi”diq'_l are linearly independent, we see that
E@,v)apE(i, 1t)oo is non-zero if and only if ¢ = u 4+ v mod n/t, in which case

it equals

d diq'v ydjq' 1 djq' 1
(7;< ralt (p)a 1) 2 (s, ) (3.3.8)

In conclusion, from the simple module corresponding to the arrow p : (i,0) — (j, 1)

of Q, we get arrows (i, 1) — (j,v) in Q for = u + v mod n/t.
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3.4 The Dual Group Action

We keep the notation of the last section. Let a be a generator for the group of
characters of (a) such that a(a) = (. It is proved in [36] that a acts naturally on

the skew group algebra K Q#(a) via
a(pa™) = a(a™)pa™ = ("pa™ (3.4.1)

and that the algebra (K Q#(a))#(a) is Morita equivalent to K Q (see Proposition
3.5.2).

Let us consider how a acts on the idempotents F/(ip)o. We have

a(z(d, ) = a(% 3 gdm#adm> _d St — (d 1) (34.2)

n

and hence

a(E(i, woo) = E(i, 1+ L)oo- (3.4.3)
In particular, the idempotent E is fixed by a and so we have an induced action
of @ on KQ. This sends vertex (i, ) to the vertex (i, 4+ 1) and thus is again
admissible. (C.f. the action of a on the vertices Z sending (i,r) to (i,7 + 1).)
Let p : (i,0) — (j,1) be an arrow of Q, t = lem(d;, d;) and a’(p) = ("“p. Then
we get arrows of 8) corresponding to the elements E(j, v)upE(i, pt)oo with u =

u + v mod n/t. Since
é(E(L y)Ol) = CilE(.L v+ 1)017
we get that

é(E<.]7 V)OlpE<i7 M)OO) = C_ZEGa v+ 1)01[)E(i, p+ 1>00'

Now, lem(%, %) = 2 = T and so a” fixes both the vertices (i, ) and (j,v) of

a’ (E(.L v)apE(, N)oo) = (E(j, v)apE(, 1t)oo- (3.4.4)
It follows that if we apply the above construction to (@, a), then we recover the

original pair (Q, a).
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As (@, a) is again a quiver with admissible automorphism, we may construct the
associated valued graph . Let Q and I have generalised Cartan matrices A and

C=D"'B respectively. Clearly the vertex orbits of a on Q are indexed by I and
Cii = n/dl

Consider a simple bimodule generated by an arrow between the i-th and j-th
vertex orbits in Q. Each such module corresponds to ¢ = lem(d;, dj) arrows in Q
and to nt/did; = lem(d;, ;) arrows in Q. Therefore

1 N
7 DG = o > Ao
T,8 8%

Thus

D=nD"' and B=nD'BD™, (3.4.5)

which implies that
C=BD'=C" (3.4.6)
Therefore I' and I are dual valued graphs, in the sense of [25]. This explains our

terminology that (Q,a) and (Q,a) are dual.

Summing up, let (Q,a) be a quiver with admissible automorphism (of order n)
and with associated valued graph I'. We can write the vertices Z of Q as pairs

(i,7), where i € I is a vertex orbit of size d;, r € Z/d;Z and a(i,r) = (i,7 + 1).

We can also form the dual quiver with admissible automorphism (é, a) whose
associated valued graph [ is dual to I'. The vertices Z of Q can be expressed as

pairs (i,u), wherei € I, p € Z/(n/di)Z and a(i, u) = (i, + 1).

For an algebraically closed field K of characteristic not dividing n, we then have

Morita equivalences

KQ#(a)~ KQ and KQ#(a) ~ KQ. (3.4.7)

We illustrate these constructions with a couple of examples.
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Example 3.4.1. Consider the quiver of type D4 with automorphism
n S~
7

Then the dual quiver is of type A5 with automorphism

.
T N
\t/ 2

R

Example 3.4.2. Nexat let Q be the affine quiver ,&1 with the automorphism ex-

changing the two arrows
¥

-
_—

™

As in Example 2.2.1, we can change basis to get the action

-1

The dual quiver Q is then of type 1&3 with automorphism

In fact in this example, K Q#(a) =~ KQ and K Q#(a) =~ M,(K Q).

3.5 Restriction and Induction Functors

We now consider a slightly more general situation, following [36]. Let K be an
algebraically closed base field and let A be either an artin algebra or a path
algebra over K. Let GG be a finite cyclic group whose order is invertible in K and
fix a group homomorphism from G to either the group of all automorphisms of
A in the first case or graded automorphisms in the latter. We write AG for the

skew group algebra.
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We can regard AG as a AG-A-bimodule and so form the induction and restriction

functors
F:=AG®y— :modA — mod AG

H := restriction : mod AG — mod A.

(3.5.1)

These functors are both left and right adjoints of each other ([36], Theorem 1.1).
We have ([36], Proposition 1.8)

Proposition 3.5.1. Let X and Y be indecomposable A-modules. Then

1. HR(X) 2 D, X
2. F(X) 2 F(Y) if and only if Y = 9X for some g € G;
3. F(X) has exactly m indecomposable summands, where m is the order of the
set {g € G|9X =2 X}.
The dual group G acts on AG via X(Ag) = x(g9)Ag. Then ([36], Proposition 5.1)

Proposition 3.5.2. Consider AG as a right A-module. Then the map ¢ :
(AG)G — Endy(AG) given by

d(Agx) = ph = x(h)Ag - ph = x(h)Ag(p)gh

15 an algebra isomorphism.

In particular, since AGy is a finitely generated projective generator, the algebra
(AG)@ is Morita equivalent to A.

We use ¢ to make AG a (AG)@—A—bimodule.

We also consider the functors
F':= (AG)G ®r¢ — : mod AG — mod(AG)G

- (3.5.2)
H' := restriction : mod(AG)G — mod AG,

and note that the Morita equivalence mod A — mod(AG)a is given by

M = (AG)@AG XA —. (353)
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Corollary 3.5.3. There are natural isomorphisms

F>HM and F'~ MH.

Proof.

We have H'M = r,¢gAG ®5 — = F. The second isomorphism follows by taking
adjoints.

[ |

It follows that Proposition 3.5.1 holds with ' and H interchanged. Namely

Proposition 3.5.4. Let X and Y be indecomposable AG-modules. Then

X;

1. FH(X)~ @

~ X
XEG

2. HX)= H(Y) if and only if Y = XX for some x € G;

3. H(X) has exactly m indecomposable summands, where m is the order of
the set {x € G | XX = X}.

Lemma 3.5.5. Let e be an idempotent of A fized by G and such that ele is

Morita equivalent to A. Then we have natural isomorphisms between

AG®A7 6AG®AG7
mod AG

eA®p— eAGe®epe—
mod eAe —————— mod eAGe .

mod A mod eAGe

and mod A

Proof.

The only thing to check is that eAGe @5, eA and eAG are isomorphic as eAGe-
A-bimodules. This can be seen via the multiplication map.

[ |

We now relate this back to quivers with automorphisms.

Let (Q,a) be a quiver with admissible automorphism of order n and let K be
an algebraically closed field of characteristic not dividing n. Set A = KQ and
G = (a) and construct the functors F, H, ', H" and M as above.
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Let (é, a) be the dual quiver with automorphism, given via the idempotent £ in
K Q+(a), and recall that this idempotent is fixed by a. Let us write F and H for
the induction and restriction functors between mod K Q and mod K é#(é>, and

M and M’ for the Morita equivalences
M = EKQ#(a) ®xoum — : mod K Q#(a) — mod K Q
and

M’ = E(K Q#(a))#(a) ®(x o (a) (@ — : mod(K Q#(a))#(a) — mod K Q#(a).

Then Lemma 3.5.5 applies (with A = KQ#(a) and G = (a)), giving a natural
isomorphism M'F’ =~ F M. Combining this with Corollary 3.5.3 gives a natural
isomorphism

FM =~ MF =~ MMH. (3.5.4)

We note that M'M : mod KQ — mod K é#(é} is a Morita equivalence. Thus
we can take adjoints above to get MF =~ HM'M.

In other words, the pairs (£, H) and (ﬁ , F ) give rise to the same pair of functors
(up to natural isomorphism) between the categories Rep(Q, K) and Rep(é, K).

Corollary 3.5.6. The ii-indecomposables for (Q,a) are given up to isomorphism
by the images under H of the indecomposables for Q, and H(Y)= H(Z) if and

only if Y =28 Z for some r.

Proof.

If Y is an indecomposable for O, then H(Y) is an ii-indecomposable for (Q, a).
Conversely, suppose that X is an indecomposable for Q and let Y be an in-
decomposable summand of F(X). Then X is a summand of H(Y) and so all
ii-indecomposables for (Q,a) are obtained up to isomorphism. The last state-

ment follows from Proposition 3.5.4.
|
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3.6 Proof of Main Theorem

We are now in a position to complete the proof of Part 1 of Theorem 1.6.1 —
namely that given any root o € A(T"),, there exists an ii-indecomposable X for
(Q,a) such that f(dim X) = a.

We shall simplify the notation from the last section and write
F:Rep(Q,K) — Rep(Q,K) and H :Rep(Q,K) — Rep(Q,K)  (3.6.1)

for the induction and restriction functors.

We have shown that every ii-indecomposable X for (Q, a) is isomorphic to H(Y),
where Y is some indecomposable for 0. Therefore, to complete the proof, it is

enough to show that the map A : 7T — 7ZI — ZI induced by H and f maps

A(Q), onto A(T),.

To calculate h, we can restrict ourselves to the semisimple algebras underlying
KQ and KQ. We recall the isomorphism (3.3.4)

(H Kf(i,r>)#<a> = [IM K),

and that the idempotents £;,) € K Q correspond to the elementary matrices

E(i, t)go. Therefore the map h is given by

h(B)i=>_ Bl (3.6.2)

We first prove a result similar to Lemma 2.1.2, writing €, € 7T for the simple
roots of é

Lemma 3.6.1. Let 5; := [, 76 € W(Q) and take 3 € ZI. Then

1. (h(B),e)r = di 3, (8, €Guy) 55
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3. the map r; — & induces an isomorphism W (T') = Cz(W(Q)).

Proof.
We first note that the element 5; is well-defined since a is again admissible and,

as the bilinear form (—, —)g is a-invariant, s; commutes with the action of a.

Now, by equation (3.4.5) we have

d'i’;j by = by = C%Z,; G for any v.
Therefore
(h(B),ei)r = Z bizh(B); = ds Z GG 5B = di Y (8,81 5
j o n
Also,
h(E(8)) = h(B) = > (B, Eam)ges = h(B) — dii(h(ﬁ), ei)rei = 1i(h(B)).

I

Finally, induction on length shows that Cx(W(Q)) is generated by the 3, so
suppose that ry, ---r;, = 1 € W(I) and consider &, -+, € Ca(W(Q)). For
any vertex (j,v) € Z we must have that , - -+ 34, (€Gy) > 0. This gives that
0(8; - -+ 5;,) = 1 and hence the r; and §; satisfy the same relations.

|

Proposition 3.6.2. The map § +— h(3) sends A(Q)y onto A(T').. Moreover,
if « € A(T')4 is real, then there is a unique a-orbit of roots mapping to «, all of

which are real.

Proof.

Since the dimension vector of any ii-indecomposable must be a positive root of
I' we know that 8 — h(8) sends A(Q), into A(I),. (We could also prove
this directly.) To show surjectivity, we first construct preimages for roots in the

fundamental region Fr by adapting the proof of Lemma 5.3 in [25].
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Let a € I and consider the set {8 € A(Q)4 | h(B) < a}. Since this set is finite
and non-empty we can take an element [ of maximal height. Suppose h(3); < .
Then for any p, h(B + €t ) = h(5) + e; < . By the maximality of 3, 5+ €. )
cannot be a root and so (3, €i,.))g > 0 ([25], Corollary 3.6). Thus (h(83),e:)r > 0
as well. In particular, h() and a must have the same support, for otherwise we
can find a vertex i in the support of o and adjacent to the support of h(/3), which
gives (h(f),e;)r < 0. Contradiction.

We may assume that supp(a) = I'. Let S := {i | h(B); = a;}. If S is the
empty set, then 3+ € ) is not a root for any vertex of Q and so the connected
component of Q in which 3 lies is Dynkin ([25], Proposition 4.9). Therefore Q
must be a disjoint union of copies of this Dynkin quiver, all in a single a orbit.
Then I' must be connected Dynkin, by the remark following Proposition 2.1.3,
and hence I" must also be Dynkin. Contradiction, since o was assumed to be an

imaginary root of I'.

Thus S is non-empty, so take a connected component T of I' — S and write ~ for
the restriction of h(3) to T. For all vertices j € T,

(v, e5)r > (h(f),e5)r > 0.

Moreover, there exists a vertex j € 1" adjacent to S and so (v, e;)r > 0. Therefore
T is Dynkin (]25], Corollary 4.3).

Conversely, let 7/ be the restriction of o — h(/3) to T', so v has support the whole
of T. Then for any vertex j € T,

(s e5)r = (@ = h(B), e)r = (a,e5)r — (h(B), e5)r < 0.

Hence T is not Dynkin ([25], Theorem 4.3). Contradiction. Therefore S =T' and
hpB) = a.

Clearly every simple root e; of I' lies in the image of h and so the correspondence

W(T') =2 Ca(W(Q)) proves that h is surjective.

Finally, let o € A(I')’ and let 3 be a root for Q such that h(B) = a. Take w' €

W (T') such that w'(«) is simple, say equal to e;. If w is the corresponding element
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in C5(W(Q)), then w(B) must also be simple, equal to some & ). Therefore (3
is real and uniquely determined up to an a-orbit.
[

Theorem 1.6.1 now follows immediately.

3.7 An Example

Using Proposition 3.6.2, we can exhibit a counter-example to the converse of
Part 2 of Theorem 1.6.1 — that is, an imaginary root @ € A(I'); such that

the corresponding ii-indecomposable is unique up to isomorphism. Namely, we

4.\_ _/\
(Q,a) Y;Z ; and (é,fi) 1 Xév :
v -y

(3:2)

consider

so that I is the valued graph - .. The root @ = (1,1) is in the fundamental
region for I' and yet there is a unique a-orbit of roots for o) mapping to a, all

of which are real. Thus there is a unique ii-indecomposable of dimension vector

fHa).
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Chapter 4

Representations Over Finite
Fields

This chapter concerns the number of isomorphism classes of absolutely ii-
indecomposable representations of a given dimension vector o over a finite field.
We construct a formula for these numbers and show that they are polynomial in
the size of the field, provided the field contains a primitive n-th root of unity.
Furthermore, the coefficients are rational numbers, are independent of the orien-

tation of the quiver and have denominators bounded by na.

We also consider the generating function for the number of isomorphism classes of
ii-representations over a finite field. This has an interesting factorisation involving
terms coming from each of the subgroups of (a) (equivalently each of the divisors

of n).

We fix the following notation. Let K be an algebraically closed field of positive
characteristic coprime to n and (Q, a) a quiver with admissible automorphism of
order n. Let L = [, be a finite subfield of K containing a primitive n-th root of
unity (if and only if ¢ = 1 mod n). We note that we have an induced action of a
on LO.

Now let M C K be a finite field extension of L. The Galois group Gal of M/L
acts naturally on MQ = M ®; LO as L-algebra automorphisms. This induces
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an action of Gal on M Q-modules: 9X has the same underlying L-vector space,

but with the new action A -z := g~ '(\)z.

Alternatively, there is an action of Gal on the space Rep(/3, M) given by the
action of Gal on each co-ordi